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About the Measures of Skewness

and Kurtosis

Assoc. Prof. Todor Kaloyanov, Ph.D.

Summary: This article sets forth a
comparative analysis of five coefficients
measuring the degree of skewness in
empirical  statistic  distributions.  The
coefficients are calculated for the
distributions of live-births as per the age
of the mother. The data are in total for
Bulgaria, respectively for all children
born, for first and second child during the
period from 1961 to 2008. A discussion is
presented as regards the cognitive meaning
and reasons for variation in their values.
The link between skewness and kurtosis
is being examined and the necessity of
their joint use is being justified given, the
existence of empirical distributions that are
not subject to the law of Laplace — Gauss.
Unlike the predominant practice to place
the focus of attention mostly on kurtosis
in symmetrical distributions, the opposite
task is set here — to analyze the existence
of skewness given a different degree of
kurtosis.

Key words: statistical distribution, skew-
ness coefficient, excess kurtosis coeffi-

cient.
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raditionally, in the presentation of
I summarizing numerical characteristics
of distributions in literature it is
pointed out that skewness characterizes the
sideward skewing of distribution. It is noted
that sideward skewing may be left and right,
and accordingly skewness is negative or
positive [Venetskiy, Venetskaya (1979; 16),
Mansfield (1987; 44)]. Unlike kurtosis for
the cognitive meaning of which a discussion
is under way, the issue of the meaning of
skewness is broached comparatively more
seldom [Groeneveld, R.A. and Meeden,
G. (1984; 391)]. Very often in practical
research it is accepted that the measure
constructed on the grounds of moments
is to be preferred, after which the line is
drawn.

Each of the characteristics of statistical
distribution has a certain cognitive meaning.
It reflects in its own manner the influences as
a result of which have formed the respective
meanings of the sign, inherent to the units
through which the researched phenomenon is
expressed. Depending on the problem being
solved and the type of empirical distribution,
the different characteristics are also used. The
focus of attention in this article is oriented
towards skewness and some of its measures.

In the analysis of empirical asymmetric distri-
butions two questions are posed as a rule:
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e First, what is the type of skewness —
positive or negative;

e Second, what is the degree of skewness —
comparatively big or comparatively small,
i.e., to measure the degree of deviation from
symmetrical distribution;

Behind these questions a third one s
hidden — as a result of which influences
asymmetric distribution has been obtained?
In most of the cases this question is not
asked. Moreover, to skewness, and as a
rule to kurtosis, no attention is given to
statistical practice. But what happens when
these questions are asked in a research of
empirical distributions™?

The answer to the first questions seems too
simple. The frequency polygon of empirical
distribution is constructed and if the left
tail of the curve is skewed, the distribution
is with a left, negative skewness. And vice
versa, when the distribution is with a steep
left tail and skewed, slanting right tail, a
right, positive skewness is present.

The answer to the second question is given
with the respective numerical measure. But
which one will it be, provided there are
different possible measures, such as the
coefficients of Pearson, Bowley, Kelly, a
coefficient based on the third moment?. Each
one of these has a different construction,
some of these have borderline values, and
others do not have such. Which one of these
is appropriate, which one of these may be
trusted?

Depending on their construction, measures
can be divided into two types:

e measures of a “pure” type with three
varieties. The first variety is the measure
based on a median in position — first, second
and third quartile. As it is well known, the
skewness coefficient known as Bowley
coefficient accounts only frequencies in an
apparent type. In determining its value,
the meanings of the sign do not participate
directly.

_Q1+Q3'2Me
AB_ Q3_Q1

where Q, and Q, are accordingly first and
third quartile M_ is the median.

The second “pure” measure is the moment
coefficient of skewness. In its construction
take part the first initial, the second and third
central moments. Its value is formed with the
concurrent participation of the meanings of
the respective signs and frequencies.

The third measure proposed by Vazharov?, is
based on three values obtained as per the
formula of arithmetic mean and appears as
follows:

K W -2n
! Ky -1y

1 Unimodal statistical distributions are meant here.

2|t is known that with the aid of odd moments of an order higher than third skewness is also characterized.

3 This measure has not been published till now.
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where p is the arithmetic mean for all units
of the aggregate being studied,

u, is the arithmetic mean for the units having
values lower than the median of the entire
aggregate y;

W, is the arithmetic mean for the units having
values higher than the median of the entire

aggregate p.

This coefficient is compatible with values from
-1 to +1.

To this type also refer the Kelly coefficient
using deciles and percentiles.

e measures of “mixed” type. Such are the
measures of Pearson. In their construction
takes part not only the first initial and
second central moment, but also a second

About the Measures of Skewness and Kurtosis

central moment and also a density mean
(mode) and a mean of position (median) .

A :LMOandAPzz
c

P1

3(n-M)
—

Where the symbols are known.

As an illustration of the difficulties faced by a
researcher in the choice of skewness measure,
three examples will be examined. They are
within the field of demographic statistics and
refer to the distributions of live-births as per the
mother’s age. The data are in total for Bulgaria,
respectively for all children born, for first and
for second child during the period from 1961 to
2008. For each distribution are calculated the
arithmetic mean, mode, median, first and third
quartile, mean quadratic deviation, skewness
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Figure 1. The values of the coefficients of skewness of distributions for all children in the Republic of

Bulgaria during the period 1961-2008.
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coefficients of Pearson in two varieties — of
Bowley and the moment one and the coefficient
is constructed by Hr. Vazharov.

The data shown in Table 1 and the diagram
in Figure 1 that is constructed on the base of
these confirm the expectations of different
values of the coefficients. This is completely
logical since all five measures are constructed
on a different base. The different properties of
the elements taking part in the construction
of individual measures, as well as their
different sensitivity to changes in frequencies
are reflected in the coefficient values.

As shown in Figure 1 all five measurements
show one and the same trend in the alteration
of the degree of skewness of the researched

About the Measures of Skewness and Kurtosis

distributions. This trend is one of decrease.
At the same time some differences are
present. Bowley's coefficient has the lowest
values till the year 2005, with values falling
within the range between -1 to +1. In this
case the interest is oriented to the manner
of alteration of skewness coefficients.

Relatively lowest variations are shown by
the coefficient of Bowley which is due to
its limits. The most abrupt and biggest are
the variations in Pearson’s coefficient till the
year 1990, which is based on the difference
between the arithmetic mean and mode.

The coefficient K , using the differences
between the values of the arithmetic mean is
the biggestinallyears. Onits part, the moment
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Figure 2. The values of the coefficients of skewness of the distribution for a first child in the Republic of

Bulgaria during the period 1961-2008.
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coefficient is the only measure demonstrating
increase in negative skewness after the year
2005, while Bowley’s coefficient changes in
the opposite direction. As per the latter,
distribution becomes almost symmetrical. The
changes in the values of Pearson measures
rather approximate those of the moment
coefficient, but as per the latter negative
skewness is not existent yet.

As it may be established from Table 2 and
Figure 2 — according to Bowley's coefficient,
distributions till the year 1997 have negative
skewness which is almost identical in size.
As per the measure K, in the year 2000
distributions already have negative skewness.
At the same time, the other three measures
evidence that notany of the distributions being
analyzed has negative skewness. The moment

About the Measures of Skewness and Kurtosis

coefficient shows that after the year 1965
skewness is continuously on the decrease and
distributions become almost symmetrical. The
two Pearson’s coefficients change in parallel
and there are no “disagreements” between
them. An important point in this case is that
after the year 2005 the values of all four
measures are close, while preserving the
differences in the orientation of alteration
in skewness — Table 2. On the whole, the
changes in the skewness of distributions are
relatively smooth and within a narrow range.
Larger are the alterations in the values of the
moment coefficient and of K.

Much more different is the picture in
Figure 3. In the alteration in the values of
all coefficients an alternation is established
as regards the skewness increase, drop, new
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Figure 3. The values of the coefficients of distributions skewness for a second child in the Republic of

Bulgaria during the period 1961-2008.

28

Economic Alternatives, issue 1, 2011



I Articles

LL°0- | LL°O- L00- €00- 6L°0 620 9€0 Lv'0 oro &vo 6€0 or'o €e0 8C°0 S
200 700 00 500 oro LS50 790 Lo 690 640 L0 880 680 €L0 v
v0'0- |00 L00- L0°0- 90°0- 000 L00 L0 10 GL°0 L00 L0 0L0 20°0- Y
LL°0- | OL°O- 80°0- €0°0- S0°0 9L'0 9¢0 Lv'0 L¥'0 wo LE0 9’0 L0 GL0 “y
€0- |8L0- Lo 90°0- €00 9L'0 [q4l €0 €e0 €€0 9¢0 9€0 LED vL'0 Ty
L6'€EE | ¢8'EE  |GLEE | LLEE |09°€E  |LLEE |EBEE  |08EE | 6SEE | LSEE | G9EE  |69°EE | [9°€E  |ESEE o
OL'Le |0L'Lc |SO'Lc |el'lc |S€Le |S€Le |6CLe |vS'Lc |69'Lc |vLlCc €81l |98Lc |S8Lc |d6'LC &
v9°g 99 €99 LY7'a S0'S L6V 9% LLY 99'Y &y LEY (404 v L'y o
G8'¢CE |¢rce |SOceE | LLLE |6S6C |L6'8C |SS'8C | LI8C |6C8C |608C |VEBC |0V'8C |S8'8C | I6'8C :
S9ve |9lve |8L€C |[9€C |8V CC |66'LC |VI9LC |99l |€8LC |6Llc |LL'Cc |00¢CC €T |€9¢CC 'O
06'8¢ |S€8C |L6LC |LL[LC |€C9C |LV'SC |[8VC |8YVC |9V |8YVC |66VC |VLVC |LTSC |S8'SC W
ov'oe |Sl'6Cc |6V'8C [S6'LC |SL9C |96V |LCvC |C9€C |9L°€C |99°€C |0EVC |08E€C |9LvC | EVaC "W
65'8C |/LL'8C |€8'[LC |S9°LC |C€9C |EL'ST |6CSC VLS |vCSC |OL'GC |\ WP'SC | EV'SC |89 | L0°9C n
9/LSC |6S6EC |8LS¢C |V/9LT |90ECC |\WL96L |ClZve |0S68E | L/89V |¥9S8F |¥Lc09 |7990S | 6E8EV | LLEQOS Ajlerol
L ¥ € 8 € g S g L ol oL € 8 L (714
85¢ €8l Sl LSl 4% 68 (495 Syl T4% Ll (0] %4 ol L6l 6LL vi-0v
8¢q¢  |8LLc LELL SovL 145 12°) [a7A [439% (3°14% 199) LOEL L6EL LeeL ELvl 6€-5€
SLL8 | LELL 7G€9 S9.§ or6e veLe €€8¢ Loy 7615 GE0S §209 S0LS 9165 £199 €-0€
Z€9L | 90LL 36v7L LESL 0Le8 900L €918 oslel | LLESL  |964GL | Z8PCC | €889L |8FCSL | 80S0C 6-S¢
v8Ly | Cley o8y 667 [4%074 6v0L 69€6 98LLL |S660C |EE9CC |6609C |cC0LeC |€Ov8L | /8L6L vZ-0¢
LEGL L63L 09%6L EvLL 630¢ 980¢ vL6¢ 13°10) 4 STd0)4 SLoY LEOy 80v¢E 9ELe JARSY4 6L-9l
oL 8 8 €l L oL L 43 €l L 9 4 1 1 ¥1-0L
800¢ £00¢ 900¢ 500¢ 000¢ L66L G661 0661l G861 086l S/6l 06l 5961 L96L aby
SIeaA

8002-196T pored oyy w1 LVEING fO 211qNAY 9Y7 UL PIIYD UI09-9A7] PUOISS fO s4830WDIDd UOYNQLYSIP PUD UOYNQLISIA € 919D

29|



Articles

increase, preservation of the level reached,
lowering and changing to negative skewness.
After the year 2000 the coefficient of Bowley
evidences the preservation of the reached
level of negative skewness, while as per the
rest of the measures negative skewness is on
the increase. The values of all five measures
show one-directional alterations in time. For
the first time values of the moment coefficient
till the year 2000 are between those of the
other coefficients — in the case of Pearson’s
and Bowley's coefficients. For a short span
a similar fact is found in the distribution of
all children born for two years — 2000 and
2005.

The problem arising in the choice of skewness
measure is obvious. Each of the reviewed
coefficients measures in its own manner
the deviation from symmetrical distribution.
This means that also in the interpretation
of the obtained values an account should be
rendered as to their cognitive meaning.

The first coefficient of Pearson is based
on the difference between the arithmetic
mean and mode. Therefore, it measures the
difference between one quantity that is a
function of two elements — the values of the
sign in the individual units and frequencies,
and a second one that is a function of
the distribution of frequencies in three
neighboring meanings or three neighboring
ranges. Similar is the notion with the second
measure of Pearson as well.

About the Measures of Skewness and Kurtosis

With Bowley’'s coefficient the distribution
of frequencies in six intervals is taken into
consideration based on which quartiles are
calculated.

Taking into account that:

e Firstly, arithmetic mean is a certain
centre of statistical distribution which,
with asymmetrical distributions does not

coincide with the maximum concentration
of the units, but depends on the degree of
concentration and vice versa — on the degree
of deconcentration, and

e Secondly, the mode is the meaning having
the greatest concentration of units,

then the first Pearson’s coefficient measures
skewness related mainly to the concentration
of units which are contained between the point
of biggest concentration and the distribution
centre, determined through the arithmetic
mean.

The second coefficient of Pearson measures
mainly the degree of skewness that is related
to the concentration of units between the
median and the arithmetic mean. Taking into
account that in the general case these two
means are with closer values, it may be ac-
cepted that it measures the degree of concen-
tration within a narrower range.

The coefficient of Bowley may be reviewed
in an analogical manner. It is typical for it

Table 4. Moment excess kurtosis for all children born, for first and second child in the Republic of Bulgaria

during the period 1961-2008

Years 1961 [ 1965 | 1970 | 1975 | 1980 | 1985 | 1990 | 1995 | 1997 | 2000 | 2005 | 2006 | 2007 |2008
E-total 0.12 |0.62 [0.74 |0.69 |0.30 |0.43 |0.33 [0.33 |0.32 |0.01 |-0.38 |-0.44 |-0.47 |-0.50
E-first 134 |1.84 [2.82 [2.29 |2.43 |1.56 |1.61 |[1.20 |1.10 |0.50 [-0.28 |-0.33 [-0.32 |-0.36
E-second |0.19 |0.16 |0.26 |0.51 [0.41 |0.17 |0.21 |0.09 |-0.02 |-0.16 |-0.36 |-0.45 | -0.44 | -0.39
30 Economic Alternatives, issue 1, 2011
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to measure skewness that is related to the
concentration of units in six ranges, but very
often the ranges are only three. A specific
variety of the coefficient is also K,. With
it however, the meanings of the sign are
accounted in apparent manner and the re-
spective frequencies both for the distribu-
tion as a whole and for the parts thereof,
divided by its arithmetic mean.

The moment coefficient measures the degree
of skewness which is related not only to the
concentration of units in one or two ranges,
but also accounts in apparent manner the
presence of units in all ranges. In other
words, it renders account also of the units
deconcentration as per the meanings of the
sign for which the particular distribution has
been formed. Thus, not only the raising of
differences to third power is a reason for

the higher values of the moment coefficient,
but the degree of deconcentration has its
contribution as well*.

Grounds for such a method of interpretation
of measures may be found in the three
examples and in the following Table 4 and
Figure 4, in which are presented the values
of the moment excess kurtosis.

According to the data in Table 4 and Figure
4 until 2005 the concentration of the units
in relation to the arithmetic mean is the big-
gest as regards first child distributions. As
evident in Figure 2, for this order the values
of the moment coefficient differ the most
from those with the remaining three meas-
ures given the highest excess, that is, given
the biggest concentration of units. With the
decrease in the degree of concentration to

3.00

/\ —— Et
2.50 o B
2.00 / xﬁ/g\
1.50 \S\Ek
1.00 \
- m
0,00 T T T T T T T T T T T T T 1

1961 1970 1980 1990 1997 5 2007

-0.50
-1.00

Figure 4. Moment kurtosis for all children born, for a first child and for a second child in the Republic of

Bulgaria during the period 1961-2008.

41n the cases where data are not presented in a range statistical order, only the method of calculation of median and
mode will change, without altering the essence of skewness and excess measures.
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a certain extent, the differences between
the coefficients are also reduced. This is es-
tablished as regards the distributions for all
children born and for first child — Figure 1
and Figure 2. Rather different is the situ-
ation with the second child distributions.
Characteristic for the latter is that the as
per the excess kurtosis coefficient, the con-
centration degree is lesser than that for
first child and all children. Besides, the val-
ues of the moment skewness coefficient till
2000 are between those of the coefficients
of Pearson and Bowley. After the year 2000
when the degree of over-deconcentration in
second child distribution increases, the dif-
ference between the moment skewness co-
efficient and the other coefficients increases
as well. What is important in this case is
that all parameters indicate an intensifica-
tion of negative skewness.

In literature the main discussion issue is about
the meaning of excess kurtosis coefficient,
at that mainly in symmetrical distributions,
starting with K. Pearson, Student till nowadays.
In the examples reviewed herein the opposite
situation is being analyzed. What is the sense
of skewness in distributions with various
excess? It can be seen that both characteristics
of the distribution form are related to the
degree of concentration of the units within
the particular distribution. However, skewness
is also related to the location of concentration
and also depending on the type of measure,
i.e., of its construction, and different degree
of concentration is measured as well.

The skewness and excess measures which are
constructed on the base of moments have
the capacity to account the concentration
degree in relation to one centre - the
arithmetic mean. What is different between

About the Measures of Skewness and Kurtosis

these two measures is that the coefficient
of skewness also shows the existence of any
deviations typical of a certain part of the
units. Thus, a tribute is paid to any specific
impacts that have conditioned a different
behaviour for a part of the units.

The discussion on determining the most ap-
propriate skewness and excess measures is
still under way. Each of the existing meas-
ures has its pros and cons. The choice of
a specific measure depends on the type of
data and on the particular problems to be
solved. To date, a clear and acceptable sys-
tematization of various measures to be of
aid to the researchers in their practical ac-
tivities is still not available.

Neglecting the existence of skewness and excess
in empirical distributions rather frequently
leads to the adoption of incorrect decisions.
In other cases the use and considering the
existence of skewness and excess allows to
find a solution to problems that have been
assumed as almost irresolvable over long
periods of time®.
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