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Summary

The paper is concerned with the dynamic
interactions between physical capital, human
capital, income and wealth inequalities between
different households with government subsidy
to education. It generalizes the endogenous
growth model of a small-open economy
proposed by Zhang (2016). Zhang’s paper
deals with income and wealth inequalities
between heterogeneous households with
government subsidy to education. The paper
makes a contribution to the literature of
economic growth with endogenous education
by integrating Solow-Uzawa’s neoclassical
growth theory, Uzawa-Lucas model, Arrow’s
learning by doing, Zhang’s creative leisure, and
Walrasian general equilibrium theory. The model
treats endogenous capital and human capital
accumulation as the main engines of economic
growth. This study generalizes Zhang’s model
by allowing constant coefficients to be time-
dependent. We simulate the generalized model
to demonstrate existence of business cycles
due to various exogenous periodic shocks.
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1. Introduction

his paper is concerned with dynamic

relationships between economic
growth and income and wealth inequalities.
Forbes (2000) argued for the necessity of a
new analytical framework as follows: “careful
reassessment of the relationship between
these two variables (growth rate and income
inequality) needs further theoretical and
empirical work evaluating the channels through
which inequality, growth, and any other variables
are related.” This study emphasizes the role of
government subsidy policy on human capital
and inequalities. It generalizes the endogenous
growth model of a small-open economy
proposed by Zhang (2016). Zhang’s paper
studies dynamic interactions between human
capital and physical capital within a general
equilibrium framework. It examines the role of
government subsidy policy on human capital
and inequalities. It also deals with income and
wealth inequalities between heterogeneous
households with government subsidy to
education. It makes a contribution to the
literature of economic growth with endogenous
education by integrating Solow-Uzawa’s
neoclassical growth theory (Solow, 1956;
Uzawa, 1961), Uzawa-Lucas model (Uzawa,
1965; Lucas, 1988), Arrow’s learning by doing
(Arrow, 1962), Zhang’s creative leisure (Zhang,
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2007), and Walrasian general equilibrium
theory (Walras, 1874; Arrow and Debreu, 1954;
Arrow and Hahn, 1971; and Mas-Colell et al.,
1995). The model treats endogenous capital
and human capital accumulation as the main
engines of economic growth. It is influenced
by the literature of growth and trade of small
open-economies (e.g., Obstfeld and Rogoff,
1996; Gali and Monacelli, 2005). This study
generalizes Zhang’s model by allowing
constant coefficients to be time dependent. We
simulate the generalized model to demonstrate
existence of business cycles due to various
exogenous periodic shocks. There are many
economic models which exhibit business
cycles due to different mechanisms (Zhang
1991, 2005, 2006; Lorenz 1993; Chiarella
and Flaschel 2000; Shone 2002; Gandolfo
2005; Puu 2011; Stachurski, et al. 2014; and
Nolte, 2015). These studies demonstrate how
modern dynamic analysis can be applied
to different economic systems by exposing
the existence of cycles, regular as well as
irregular oscillations, and chaos in economic
systems. There are also other research papers
which identify economic business cycles from
different perspectives. Lucas (1977) introduced
different exogenous shocks which affect all
sectors and cause business cycles. Chatterjee
and Ravikumar (1992) introduce seasonal
perturbations to taste and technology to a
neoclassical growth model. They show how
the seasonal demand and supply perturbations
cause aggregated cycles. Gabaix (2011) use
uncorrelated sectoral shocks as determinants
of aggregate fluctuations (see also, Giovanni,
et al. 2014; Stella, 2015). This study contributes
to the literature of business cycles by showing
periodic oscillations in a general equilibrium
model with endogenous human capital wealth.

In Section 2 we generalize Zhang’s small
open growth model of endogenous wealth
and human capital accumulation. In Section 3
we examine properties of the dynamic model
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and simulate the model when all coefficients
are time-independent. In Section 4 we
simulate the model to show the existence of
business cycles with different time-dependent
shocks. In Section 5 we conclude the study.
The results of Section 3 are checked in the
Appendix.

2. The basic model

We refer to Zhang (2013, 2016, 2020)
for modelling economic structure, wealth
and human capital accumulation, and
government’s taxation. Most aspects of the
production sectors are built on the basis of
neoclassical growth theory. The economy
of production side consists of capital goods,
consumer good and education sectors. The
three sectors are perfectly competitive and
are taxed by the government. The tax income
is fully expended on subsidizing students.
Assets of the economy belong to households.
The households’ incomes are distributed to
consume and to save. Saving is carried out
only by households. Firms employ labor and
physical capital inputs to produce goods and
services. All markets are perfectly competitive.
Input factors are always fully employed.
All earnings of firms are paid to factors of
production, labor, managerial skill and capital
ownership. The population is groped into |
groups, indexed by j=1,...,J. We measure
prices in terms of the commodity. The price
of the commodity be unit. As the economy is
small, the rate of interest 7*(t) is determined
in global markets. We introduce variables as
follows:

subscript index i, s and e — capital goods
sector, consumer goods

sector, and education sector;

N,,(t) and K,,(t) — labor force and
capital stocks employed by sector m = i,s, e
att;

E,, (t) — the production function of sector
m;
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ps(t) and p,(t) — the price of consumer
good and the price of education per unit of
time;

7(t) and 7(t) — the tax rate on each
sector and 7(t) = 1 — 7(t);

K(t) and K(t) — physical capital
employed by and wealth owned by the country;

N;(t) and H;(t) — group j's population
and level of human capital;

T;(t), Tj(t) and Tj(t) — the work time,
leisure time, and study time of a typical worker
in group j;

w;(t) and lEj(t) — group j's wage and per
capita wealth of group j;

O (t) and ry(t) — depreciation rate of
capital and 1y (t) = r*(t) + 5, (¢).

The labor service is Tj(t)Hjmj ®) (t) where
we call m;(t) utilization efficiency of human
capital by group j. The total labor input by a

group is the sum of labor inputs of the group
population, Y}(t)Hjmj(t)(t)I\_lj(t). The total

labor input N (t) is:
]
NGO =) T B Ko,
j=1

j=1..,J. (1)

Full employment of input factors
Full employment of the labor force implies:
Ny(£) + Ng(t) + Ne(t) = N(2). ?)
The national capital is fully employed
Ki(t) + Ks(t) + K. (¢) = K(©). 3)
National wealth owned the population

The national wealth is given by:

J
R =) ® R0, @
Jj=1

The capital goods sector

The production function of the capital
goods sector takes on the following form:
it it
Fi(t) = 4(0) KO0 NFOw),
a;(t), B:i(t) > 0,
ai(t) +pi(®) =1, )

in which A4;(t), a;(t) and B;(t) are
positive parameters. The marginal conditions

are: )
ro(t) = a;(t) ];((?) Fi(t) ‘
) =0T O o

The consumer goods sector

The production function of the consumer
goods sector is specified as:

Fo() = As(8) k&P (e) NEO (o),

as(t) + Bs(t) = 1,a5(0), Bs(£) >0, (7)
in which A(t), as(t), and Bs(t) are

technological parameters. The marginal
conditions imply:
o () = as(t) T(t) ps(8) F(t)
° Ks(t) ’
_ Bs(®) T(®) ps(8) F(1)
w(t) = N. (D) . (8)

The education sector

We specify the production function of the
education sector as:

() = A.(8) KO (0) NEO (),
ae(t)r Be(t) >0, ae(t) + .Be(t) =1, 9)

inwhich A, (t),a.(t)and S, (t)are positive
parameters. The marginal conditions are:
o () = a.(t) T(t) pe(t) F.(t)
° Ko () ’
Be(t) T(t) pe(t) Fe(t)
Ne () '

w(t) = (10)
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Current and disposable incomes
Household j's wage rate is given by:
wi (@) =w®) HVO©,j =1, )

i) =77(6) ki(t) + T; () w; (D).
Per capita current income from interest
payment and wage payment is:

yi(®) =) k;(@) + T;(&) w;(t).

Per household’s disposable income is:
Ji@) =y;@) + k;(t) =
(14 77(©)k;(®) + T;(©) w;(®).

The disposable income is used up for
saving s;(t), consumer goods cg;(t) and
education T,;(t). As household j receives
7;(t) units of subsidy per unit of time from
the government. The education cost is the
education price charged by the education
sector minus the subsidy from the government:
pi(0) = pe(®) — (D).

We have the budget constraint
ps(t) c5j(®) + ;) Tej(t) +s;(t) =
=90 = (1 +77(®)k;(©) + T;(t) w;(t). (13)

The time available Ty is fully spent on
working, leisure and education:

(12)

T;(t) + Tj(t) + Te;(t) = To. (14)
Insert (14) in (13):

ps(t) Csj(t)_‘l' Dej(t) Tej(t) +
+w; (@) T;(0) +5;(0) =y;(8),  (15)

in which
Pe;j(t) = p;(8) + w;(0),3; (1) =
= (147 )k (©) +w;(©) T,

Utility function and optimal decision

_ The utility function is related to Tg;(t),
T;(t), csj(t), and s;(¢t) as follows:

U](t) _ TK.Uj(t)(t) ,I-.,Uoj(t)(t) Cj;j(t)(t) Sj/loj(t)(t)‘

ej
Ko (1), 00;(8), §0j (1), A9;(E) > 0,
in which kg ; (£), 09 (t), 0 (t),and A4(t)
are propensity to receive education, to enjoy
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leisure, to consume consumer good, and to
hold wealth, respectively.
Maximize U; (t) subject to (15)

Dej(t) Tej(t) = Ki(t) y;(t),
w;(t) Tj(t) = 0;(t) y;(¢),
ps(t) c5;(8) = &;(t) y;(0),
si(t) = 4;(®) y;(0),

where
K (t) = Koj(t) pj(D),
0;(t) = ao;(t) pj(D),
() =&oj(®) pj(D),
A;(6) = 40 (@) p;(D),

pi() =

(16)

1
Ko () + 00 () + &0 (6) + Ao (8)

Change in the household wealth

The change in wealth is savings minus
dissaving:

ki () = s;(t) — k; (©).

Dynamics of human capital

7)

We assume three sources of human
capital accumulation: learning by producing
(Arrow, 1962), learning through formal
education (Uzawa, 1965), and creative leisure
(Zhang, 2007). Human capital accumulation
is thus given by

bej(t)
Ve () (R(®)/Ne()" " (H}"f“)(t) n,-(r))

o= H (t) "
a;;(t)
+ vi; () (F;(®)/N: ()
Hlﬁij(t)(t)
ay(0)
v, (8) .7 (t)
—————— S, (OH®), (18)
HO )

1
where §,,;(t)(> 0) are depreciation rates
of human capital, ve;(t), v;;(t), vy;(t),
aej(t), bej(t): al-j(t), and ah,-(t) are non-
negative parameters. We use ,;(t), m;;(t),
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and m,;(t) to measure returns to scale in
human capital accumulation. For instance, if
T (t) > 0 (= 0,< 0), we say that group 1’s
human capital accumulation due to education
exhibits decreasing (neutral, increasing)
returns to scale. We don’t specify the signs of
the parameters 1, (t), m;;(t), and m;(t) in
this stage of modelling.

Demand of and supply
for consumer goods

Equilibrium in consumer goods market
implies
J
Y e OF©) = E®. (19
j=1

Demand of and supply for education

Equilibrium in education markets implies

) Tei(OF; ©) = Foy (0. 0
=1

The government budget

The subsidies which the students receive

equals the government’s tax income
]

PRI CLIGELGICAGE:

j=1
+ ps(DF (D) + peDF (D). (21)

We completed the model. The modelling
structure is general as some well-known
models are its special cases (Solow, 1956;
Uzawa, 1961; Samuelson, 1959; and Pasinetti,
1960).

3. The Dynamic Properties of the Model

We build a model for an economy which
has any number of households and three
production sectors. The model is generally
very complicated. Before stating a lemma for
describina dvnamics. we introduce

(& ©} = (k2(0, .k ©),

(H;®) = (H(©), -,

Lemma

H()).

The dynamics of the economy with J types
of households is governed by the following 2/
dimensional differential equations with 7(t),
{k;(®©}, (Hj(t)), and t as variables

() = 4, ((®, (H,®) {k; (O} t),
k() = 4; (), (), {ls ()} t),
1) = 0; (1), (1,0 { (O} t),

in which A; and (2; are unique functions
of 7(t), {k;(®)}, (Hj(t)), and t defined in
the Appendix. We decide other variables as
functions of T(t),{kj(t)}, (Hj(t)), and t as
follows: 7(t) = 1 —7(t) — w(t) by (A3) —
w;(t) by (A4) — ps(t) by (A5) — p(t) by
(A6) — k,(t) by (A18) — N;(t) by (A15) —
N.(t) by (At1) — Ns(t) by (A9) — y;(t)
by (A7) — T;(t) by (A12) > N (t) by (2) —
K, (t), j=1s,¢e by (Al) —> E,(t) by the
definitions — T;(t), Tej(t)_, ¢j(t), and s;(t)
by (16) — K(t) by (3) — K(t) by (4).

The Lemma provides a computational
program to simulate the motion of the dynamic
system with computer. The rest of this section
is based on Zhang (2016). We simulate a
3-group economy with the following parameter
values as follows

j=2...],
1125500/

1\ /M 0.7
()= (e )= () ()= ()
A 20 0.1
10 0.07 /110 0.9 O30 0.14
(gm) (018 (065) () (0.2>.
530 0.2 /130 030 0.2
K10 0.03 Ve Ay 0.3
( >=<0.02>, ( )( ) (0.25),
K 0.02/ \Ves Qs 0.2
be1 0.2 Vi1 0.2
(bﬂ) _ (015)() _ <o 15) ( ) (0.15),
b,s 0.1 Uiz Qi3 0.1
0.2\ /%m O 0.04
( ):(0.15),(ah2):(015) o :(0.06),
0.1/ \as 81z 0.08
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r*=0.053, 4,=1, A,=0.9, 4, =0.7,
a; =032, a; =034, a, =033, T, =24,
6, = 0.05, mp, =0.2, my, =04, m,y; =0.5
m=e,i,h (22)

The initial conditions are:

7(0) = 0.007, k,(0) = 66, k5(0) = 50,

Education, Income, Wealth Inequality and Business
Cycles in a General Equilibrium Growth Model

Figure 1 describes the motion of the
system. It should be noted that all the figures
in the paper are based on (22) and (23) without
referring to any real economy. The national
output Y in Figure 1 is:

H(0) = 32,H,(0) = 9,H3(0) =5. (23) | Y(¢) = F;(t) + ps (D) F(£) + pe (O F (1).
00073 _ »5 7300 1290 0
000715 { 215 \ 7125 %* 1270 18
0007 A0 sl B ) e e —
0 10 20 30 0 10 20 30 0 10 20 30 0 10 20 3 0 10 20 30
1300} 5600 300 14 [
750 3300 180 125
200 = 1000 60- L1 2
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MOp————— 00y of ——— U} 3
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200 2! 4p e ——r
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20 3 0 10 20 30 0 10 20 30

Figure 1. The Motion of the Economic System

The system has an equilibrium point as
given in (24):
T =0.0073,Y = 2172.4,K = 7041.4,
K =7053.8.N = 1248, F; = 3514,
F, =1605.6,F, = 68.8, K; = 1083.8,
K, =5650.2, K, = 307.4,N; = 206.8,

N =985,N, = 56, p; = 1.07,p, = 1.41,
wy =12.75,w, = 1.57, w; = 1.34,
H, = 31.2,H, = 815, H; = 4.83,

ky, =1432,k, = 67,k; = 49.8,

¢y = 103.7, ¢, = 17.3,c53 = 15.5,
T, =3.16,T, = 10.1,T; = 10.9,

T, =175, T, =13.1,T; = 12.4,
Ty, = 3.4,T,, = 0.74,T,3 = 0.71.

The six eigenvalues as follows:

-0.38, -0.35, -0.18, -0.12, -0.08, -0.04

The negative real eigenvalues guarantees
that we can safely conduct comparative
dynamic analysis.

(24)

4. Comparative Dynamic Analysis

The previous section generalized Zhang’s
model. We also reported the simulation results
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by Zhang. This section shows existence of
business cycles when the system is subject
to periodic perturbations. We use a variable
jx]-(t) to represent for the change rate of
the variable x;(t) in percentage due to the
change in a parameter.

4.1. The subsidy of education to the
poor changes periodically

First, we study effects of the change in
the subsidy of education to the poor on the
economy. It has been argued that the subsidy
of education explains much of economic
growth. We see what will happen to the
economy when the subsidy of education
experiences the following fluctuations:

73(t) = 0.4+ 0.02 sin(t).

The simulation result is plotted in Figure
2. As the system contains many variables and
these variables are connected to each other
in nonlinear relations, it is difficult to verbally
explain these interactions over time. As the
subsidy of education to the poor is fluctuated,

Economic Alternatives, Issue 4, 2020
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the output levels of the three sectors are
oscillatory. The human capital level of the
poor is relatively strongly affected. The rest

[y | | [ 00
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variables of the system also oscillate over

time.
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Figure 2. The Subsidy of Education to the Poor Oscillates Periodically

4.2. The rich’s propensity to receive
education oscillates periodically

We now examine a case that the rich’s
propensity to receive education oscillates
periodically as follows:

041
0

Ko1(t) = 0.03 + 0.005 sin(t).

We plot the simulation results in Figure 3.

[\ AH 0,

04

22

07 ‘J
22 Y
04

04
04 \

Figure 3. The Rich’s Propensity to Receive Education Oscillates Periodically

4.3. The rich’s propensity to enjoy
leisure oscillates periodically

We now study a case that the rich’s
propensity  to
periodically as follows:

enjoy leisure oscillates

010(t) = 0.14 + 0.02 sin(t).
The simulation results are plotted in Figure 4.
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Figure 4. The Rich’s Propensity to Enjoy Leisure Oscillates Periodically

4.4. The poor’s population oscillates

periodically

We now allow the poor’s population to

oscillate periodically as follows:

N3(t) = 20 + sin(t).

The simulation results are plotted in Figure 5.

Figure 5. The Poor’s Population Oscillates Periodically

4.5. The poor’s human capital utilization

efficiency oscillates periodically

We now examine what happen to the

economic system if the poor’s human capital

614

utilization efficiency oscillates periodically as
follows:
m,(t) = 0.1 + 0.01sin(t).

The simulation results are plotted in Figure 6.

Economic Alternatives, Issue 4, 2020



Articles

0.11
0,03
0,05

10 20 3(%

0.00003 | APs
0.00001 L
20,0001 7740 20 3§

Figure 6. The Poor's Human Capital Utilization Efficiency Oscillates Periodically

5. Concluding Remarks

This paper proposed an endogenous
growth model of a small-open economy.
The paper dealt with dynamic interactions
between physical capital, human capital,
income and wealth inequalities between
different  households  with
subsidy to education. We emphasized the
role of government education. The model of
heterogeneous households was developed
on the basis of Solow-Uzawa’s neoclassical
growth theory, Uzawa-Lucas model, Arrow’s
learning by doing, Zhang’s creative leisure,
and Walrasian general equilibrium theory.
The model treats capital and human capital
accumulation as endogenous. The capital
accumulation and economic structure are
based on the neoclassical growth theory.
The human capital accumulation
to Uzawa’s education, Arrow’s learning by
doing, and Zhang’s creative leisure. The
paper generalized the endogenous growth
model of a small-open economy proposed by
Zhang (2016). Zhang’s paper studies dynamic
interactions between human capital
physical capital within a general equilibrium

government

is due

and

framework. It also deals with income and
wealth inequalities between heterogeneous
households with government subsidy to
education. The paper makes a contribution
to the literature of economic growth with
endogenous education by integrating Solow-
Uzawa’s neoclassical growth theory, Uzawa-
Lucas model, Arrow’s learning by doing,
Zhang’s creative leisure, and Walrasian
general equilibrium theory. It considers
endogenous capital and human capital
accumulation as the main engines of economic
growth. This study generalized Zhang’s model
by allowing constant coefficients to be time-
dependent. After making the generalization,
we simulated the model to demonstrate
existence of business cycles due to various
exogenous periodic shocks. The model can
be generalized and extended in different
directions. It has many limitations when one
thinks of the literature of different branches
of economics. For instance, social mobility
is neglected. Moreover, a government may
affect distribution and growth in many
different ways. We may also get more insights
by allowing multiple parameters to oscillate
simultaneously.
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Appendix: Proving the Lemma

To Nm
Z=—=—= , m
=1i5,e (Al)

in which 8,5, = B/ ®m. From (A1) and (3), we

have:

ul £+N— zK. (A2)
B B B

Substitute (A1) into (6):

( 7o )1/,31‘ 1 @
z= - —, w(z
a; T4 Bi

=az %, (A3)
in which @ = B;7A;; “'. We have:
Wj(Hj, z) = Hjmj w. (A4)
By (7) and (8), we obtain:

Bt w
ps(2) = piA (A5)
With (9) and (10), we get

e (2) = - A6
Pe(2) = ﬁe . (A6)

By (A4) and the deflmtions of ¥;, we derive:

y; = (L+1)k; + Ty wy. (A7)

Substitute ps¢; = ;¥ into (18):

D& N 5 =ps B (88)

=1

From (A7) and (A8), we have
Ygk+g) @9
j=1

where we use psF; = wN, /75 and
From (16) and (20), we have

_ 1
gi(@) =7 Bs & N;,7(2) =

J
(2 (1)) = B TOZHJ.mj & N
=1

*

+r
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in which we apply F, = wN,/Tf.p.- Insert

(A7) in (A10)

J
N, =7 Zg] B+g| @1
j=1
in which
. (1+T)ﬂe Pe Kj N
/ w pej )
] _
g =ﬁe Ty pesz NJ Wj
w =1 pej
Substitute (14) into (16):
Tj - TO pe]:VJ' (AIZ)
in which
. _9 K
p ;= = I
7w pej

Substitute (A6) into (A12):

T, =p; — (1+1)k; Pej, (A13)
in which
pj =To—To Dej W

From (A13) in (1), we get

J
N=nO—an- I_CJ,

j=1

(A14)

in which
no(z, (H)),£) = Zp,
Insert (A9) and (A14) in (2)

Ni(z, (Hy), (k;), t) =no — (G + g) —
J

j=1
in which §; = g; + g;-
Insert (6), (8) and (10) in (21)
From p,;T,; = K;y; and (A16), we get
J

! N my(z, (Hy),t) = (L +1)Pe; H

er Tejivj= = (2’—[+ZS+Z€) (A16)

j=1
From pejTe; = KjYy;and (A16), we get
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]
. Ny Ny N,
Zpej kj"'pe _+_+_

A17

2 5te e W7
j=1
where we apply (A7) and
A _ (1 + 7') ﬁej
Pej =—"— "

J
A _ m
Pe :Zpe] TO H] ];

j=1 _
5 _r Tj Kj Nj
“ T pej

Substitute (A9), (A11) and (A15) into (A17):

o = (o (5}, (1), 0) =
J
— D K |ort (18

in which

_, . nt?tg, 74, 14,
P=P T T TR
_ Ng Ttg9g  _(9 9
o= =P =g+t )

We showed that the variables are functions
of 7, {k;}, (H;) and t by the procedure in the
Lemma. From the procedure, (A15), (17), and
(18), we get
ley = 24 (7. {k;}, (H)), £) = 41 31 — b, (A19)
kj=2;(r Ak}, (). ) =4 3=k, j=2,....],
H;i = 0;(v.{k;},(H;),t),j =1,...,], (A20)

Take derivatives of equation (A18) in t and
then combine the resulted equation with (A18):

1 Z Iak Z faH' (A21)

Equal the right-hand sizes of equations
(A19) and (A21)

t= A (v {k}, (1)) =

J J
09 a¢p )
=02, ——— > Ai—— > 0;—
Yoot Lok, LY oH;

j=2 j=1

X

&)

We proved the lemma.
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